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Small objects positioned in a high-frequency ultrasonic beam can be imaged by Bragg diffraction
of light. The first order contains one image. Using a light beam with a considerable convergence
angle and reducing the ultrasonic frequency, one observes that the second diffraction order
contains two adjoining images, the third order three, etc., and that the positive orders are the
mirror images of the negative ones. These experimental observations are explained by the
present theory and general expressions for the angular distribution of the light in the different
diffraction orders are presented in the form of a series expansion. Evidence for the multiple
images in the higher diffraction orders is found by analyzing the first term in this expansion. The
center-to-center separation of the images within the higher orders is found to be proportional to
the ultrasonic frequency and the interaction width.

I. INTRODUCTION

In the study of the diffraction of light by ultrasound,
quite a number of mathematical models can be used to
predict accurately the diffraction direction, frequency shift,
and intensity of the various orders which build up the
pattern.'™ Applications of these models can be found in
telecommunication, optical signal processing, optical com-
puting, and nondestructive testing. Most models concen-
trate on describing and analyzing the diffraction effects for
a known shape and time history of the ultrasonic wave.
Only a few contributions have been published in which a
reconstruction method for the diffracting sound wave is
proposed and established. Some of these models include
time or space reconstruction in the Raman—~Nath regime of
acousto-optic interaction;>'? others use the more common
Bragg diffraction to visualize the cross section of a sound
beam.!>!* Whereas the Raman—Nath regime requires ex-
tensive data analysis for cross-sectional mapping, Bragg
imaging has the advantage of copying all information ex-
actly at once in the first diffraction order.

A means of studying Bragg imaging was developed
first by Korpel. He showed that objects placed in the ul-
trasonic beam were imaged in the first diffraction order and
explained the results in terms of ray optics.® Later Korpel
explained the mapping by considering the Bragg diffraction
process as one of parametric mixing.'* Using Fourier anal-
ysis and the formalism of Feynman diagrams, Korpel and
Poon'*!7 developed a theory for strong acousto-optic in-
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teraction where both the light and sound fields are accu-
rately represented by their plane-wave decomposition to-
gether with muliiple scattering. They investigated the
usefulness and validity of this approach by deriving limit
case expressions for plane-wave Raman—~Nath and Bragg
diffraction. The analysis of the solutions for arbitrary light
and sound field distiribution, however, heretofore has been
limited to extreme Bragg conditions involving only two
diffraction orders (order zero and plus or minus one).!®"”

In 1971, Martin, Adler, and Breazeale?® reported the
experimental observation of multiple images in higher-
order Bragg diffraction. Using a light beam with a consid-
erable convergence angle and reducing the ultrasonic fre-
quency, they were able to generate a one-to-one mapping in
the first order together with a double mapping in the sec-
ond diffraction order, and a triple mapping of the sound
beam in the third order (see Fig. 1). By using a transmis-
sion plate as a frequency filter, Martin and co-workers
proved that multiple images in the higher diffraction orders
are not the result of nonlinear properties of the medium.
Their theoretical explanation for multiple Bragg scattering
was based on the imaging results for the first diffraction
order, but is not in depth enough to describe all of the
observed diffraction effects, e.g., the linear frequency and
width dependence of the separation between two images in
the higher orders. Na?! gave another explanation based on
the plane-wave theory of Blomme and Leroy,l but his
model never includes the notion of profiled sound and
therefore is incomplete as well.

In this work, we present a theoretical study of multiple
Bragg imaging by investigating the interaction of a multi-

© 1994 American Institute of Physics



FIG. 1. Photograph showing single, double, and triple mapping of a loop
m the first, second, and third diffraction orders of a convergent light beam
by an ultrasonic wave at 10 MHz frequency (Ref. 20).

directional light beam and a profiled sound beam. Starting
from the spectral decomposition of sound and light beams,

we obtain a series expansion for the angular spectrum of

any diffraction order by means of a backsubstitution
method, introduced by Aggarwal®? in 1950 for plane light
wave diffraction by plane continuous ultrasonic waves.
This allows us to find evidence for the appearance of mir-
ror images. Analyzing the first term in the series expansion
valid for high ultrasonic frequencies, we explain the gen-
eration of multiple adjoining images in the higher orders
and examine the center-to-center separation of the images
within these higher diffraction orders as a function of ul-
trasonic frequency and transducer width.

il. THEORY

A. Raman-Nath system for arbitrary light-sound
interaction

Taking the Maxwell equations as a starting point, it
can be shown that the diffraction process of a light beam by
an ultrasonic grating is totally determined by the solution
of following set of equations:*

Ei{x,zt) ="V (x,z,1)e™, (1a)

t)“l’ Py
5 ) xa‘-st) 'l‘"ﬂ‘ (xaﬁst) = _k"n (Vs‘-st)ql(xtﬂ-al) ( lb)

In these diffraction equations, E is the magnitude of the
electric field of the light with linear polarization in the y
direction, @ is the circular frequency (=2mv), k is the
propagation constant of the light beam in vacuum (=2#/4
in which A is the wavelength, also referring to vacuum),
and n the time- and space-dependent refractive index in-
duced by the presence of the ultrasonic wave. Throughout
the text, the electrical engineering phasor convention is
vsed with time dependence exp(iwt), where PF=—1. A
general scheme of the interaction of profiled light and
sound tfogether with the coordinate system used in this
study is illustrated in Fig. 2, where we identify the propa-
gation direction of the sound beam with the x axis. We
assume that the propagating sound beam profile does not
change within the interaction region where it is illuminated
by the light beam.

We want to investigate a sound profile at x=x, for
which the amplitude is nonzero only within the range
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F1G. 2. General geometry for the interaction of profiled light and sound.

(L_,L,) along the z axis. The electric fields of the inci-
dent light and the sound beam distribution as a function of
&=x—x, may then be represented by their angular plane-
wave spectra,

B (&,2,8) =V (§,2)e ’lmt (2a)
with
\Pinc(gaz) = f \I",m_(flgk )eimokz‘e*m"k‘” dng ky, (2b)
where

emok L. +w )
Btk =5 — [ " W(g LR dE o)

27 —
and
+eo - .
S(&z2) = S(K,) e Kaze—Ksb gK | (3a)
with
0 (e "
S(K.)= oy f 5(0,2)e%:7 dz, (3b)

so that the refractive index of the medium in which the
sound wave propagates can be expressed as

i . .
n(§2,0) =ng—3 ALS(£,2)e ™ —S*(&2)e™ ], (3c)

with #n, the refractive index of the undisturbed medium, 7
the maximum variation in time and space, and ) the ul-
trasonic circular frequency (=2mF). The universal nota-
tions k2=k*—k% and K2=K?—K? are used, with K the
propagation constant of the ultrasound. The superscript #
stands for the complex conjugate operation.

The refractive index being periodic in time, we can
express the solution of the diffraction equation (1b) as a
Fourier series with the same periodicity,

+

WiEz)= 2 MW, (&2), (4a)
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in which we can represent each diffraction order by its
spectral decomposition,

+oe o

Y, (&z2)= f W, (rgk, ,z)g—i'”"’k*’ze"i"“k"g dng k.. (4b)

i+ o3

m+1 (nka”*“szz')

Introducing Eqgs. {3) and (4) into Eq. (1b), straight-
forward calculation (neglecting second-order terms in 4,
and taking into account the boundary conditions at
z=L_) leads to the following system of coupled integral
equations for the interaction of both arbitrary light and
sound fields:

- - Kngi [z (+= S*K)Y
q’m(n()kx 92) - ‘I/inc(nokx)(sm,(): 2 J-L f

[+ SRV, ok, — K ,2')

k?'n()ﬁ r 2

Z(ngk,)

eiz’ (K~ ZUnghg+ K ) + Z{ngk)} g =z’

é—iz'[KZ-+Z(nﬂkx-Kx)—Z(nﬂkx)] Tr '

2 .JL” J-oo

In Eq. (5) we introduced the notation Z(s)
= \nok®>—s*, where the variable s of the functional Z can
be equal to nyk, or nyk,+ K, and we continue to use this
notation with sometimes even more complicated values for
s thoughout the text. As carefully indicated in Ref. 24, we
empasize that ¥ denotes the virtual plane-wave spectrum
with phase reference at the origin and not the local plane-
wave spectrum.

B. General expressions for the light distribution in
the diffraction orders

The solution of this Raman-Nath system of coupled
equations at z=L , gives the Fourier-transformed ampli-
tudes of the light distribution in the various diffraction
orders behind the interaction zone. General expressions for
W, (npky, L, ) can be found by applying the backsubstitu-
tion method for consecutive approximations.

In the first step we suppose that no light is diffracted,
which means that

¥, =0 for [m]|>1.
The solution for m =0 then becomes
Wolnoky, L, ) =Wy (noky), (6)

meaning that indeed all incident light is located in the
undiffracted order. ~

Step 2 assumes that W,(ngk,,L ) is known from the
first step and that one needs to consider only the undif-
fracted light and the plus and minus first diffraction orders.
The solutions for ¥; and ¥_; then can be expressed in the
form of double integrals,

\i"l(ngkx,L+)

Kngh J‘L+ J‘*m S(K,) Wine(nok,—K.)
2 L Jow Z{ngk,)

¥ e_iz'[Kg+Z("0kx"Kx)_Z(”ka)l dKz dzl’ (721)
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Zz ( nka)

A e -5
an,az. (J)

@—1(”0k,c’L+)

kzn();i J-L-(w f+°° g*(Kz)\ijinc(nokx'*'Kx)
2 L. J—w Z(ngk,)

x eiz' [K.~Z(nghk,+ K} + Z(mpk,) ) dK,dz', (7b)
which can also be rewritten

‘fjx (ngky,L )

Kngh Fm S(K,) Wine(gk,—K )
2 e Z(npk,)

XIT (Kymoky, L )dK,, (Tc)
where

Le e
e~ iz' A(K,, ngky) dz'

I7 (K ngky L) = f
L

and
A(K, ,nok,) =K, +Z(nok,—K,) —Z(ngk,),

‘i’vkl(flukx,[‘,é, )

k?'f’l()ﬁ +or §*(Kz)l’ﬁinc(n0kx+Kx)
- 2 J.,,, w .Z(flokx)

XIT(KZJZka’L* )dKZ’

where

(7d)

) Ly o
I?— (szn()k,\:,'L»(—): J-L e” B(K;.ngky) dz'

and
B(K,,npk,) =K, — Z{ngk,+K,) +Z(ngk,).

In the next step we assume that all diffraction fields
with |m|»3 are too weak to be detected, and that the
expressions for the spectral decomposition of the plus and
minus first orders follows the results deduced in step 2.
This allows us to find the solutions for the second diffrac-
tion orders as quadruple integral expressions and to calcu-
late a correction for the zeroth-order expression given in
step Lt

Van Den Abeele et al.



k*ngh to o SK)S(KD)We(ngk,— Ke—K?) -
) f J 12 (KzaK;,nka’L‘+)dK;dKz: (83)

‘I’ﬂ(n{)kxaL+)"( Z(nok )Z(nok ""K)

K +o S*(K,)S* (KW (nok, +Kx+K')
”0”) f J Sl o (KK, mgky, L, )dKL dK,, (8b)

n(ﬁol\\;L+)—( Z(nokx)z(’lokx+Kx)

kznnn) J' f“*”” S*(Kz)g(K;_,v)@inc(nok.x+Kx_K;)

Foln ) = ok~ Zlnok) Zl gt K

~(K,.K! noky, L, )dK. dK,

(k-nnn)~ J~+ - fm S(K)S* (K)o gk, — K+ K)

+ (4 .
Z(noky) Z(nok—Ky) Iy Y(K:.K; noky, L, YK K, (9)
with

_ ) ‘L“{* it ” z' s ’
I{M(K‘SQK;{ 7n0kst+ ) = J e-—-zz ALK k) f e ¥ A(KZ gy —Ky) dz" dZ',
L. L_
o rr R B bk, ok y (7 e B okt K g g
I3 7 (KK gk, Ly ) = e 2M0%x e PR Ra) dfz" gz
L_ L_

-I' ’
_ " ; St F4 i ’
I3 (K Kok, Ly ) = J e B<Kz’"okx>f e~ AR ok K) gz,
L L.

and

L
I;T+ (KZ’K.; anuk.wL»%) = f !

ot
o 7 AR, ngk,) f © gl B, ok — K dz" d='.
L_ L

In step 4 we can calculate an expression for the third diffraction orders (both plus and minus) and correct the
expressions for the first-order spectral decompositions by assuming the representation of ¥,,, ‘I’z’ and W 5 as given in step
3. Restricting ourselves to the positive diffraction orders, we obtain the following formulas for ¥, and Y,

Find L Kingh e fm S(K)S(K)S (K)o (noky— K — K\~ K")
3ok, )*"( ") f Z(nok,) Z(nok,—K) Z(nok,— K,—K")
NIy ™ (K KL KY noky, L, )K" dK? dK,, (10)

kzn()ﬁ oo S(Kz)‘yinc(n()kx_K,x) _ . k?'ﬂ()ﬁ 3 +e +oe + =
l(nalx,;,l +)=— 3 f_m Z(nok,) I (K, gk, L, )dK,+ 5 f_m fm Jlm

g S*(K)S(K')S(K")\I/mt(nok +K,—K,—K})
( Z(npky) Z(noky+ K, ) Z(nok + K, —K%)

I3~ (K, KK ok, L)

S(K,)S*(K)S(K"), (nok,— K, + K. —K")
. z 4 i 0 X X _ X 13_+_(KZ,K;,K;’,’Zka,L+)
Z(nok) Z(noky—K) Z(ngk,— K+ K.)

S(KIS(K)S* (K)o ok y— Ky~ Kot K7
Z(nok ) Z(nok,— K ) Z (nok,— K, —K")

173\7 -t (Kst; ,K;’ 9n0kst+))dK‘;, dK;: dKZ’ (11)
with

L o o
I (KKK, ok L) = [ ematmid [ otk [ etttk g 4z ar,
¥ oo ’ L L_ L_

L ’
— . + it B 2 z
13+ (KzaK,; 93;, sn()kx’L+ ) = fL e¥ B(Kzngky) f e

H
._l‘zIIA(K; gk 4+ Kp) J-Z e_iz"'A(K; ,n()kx#—Kx«K;) dz" dz" dZ',
L_

L_

L ’ ”
e . F o iR F4 1 ot o z it ol Y ¢ -t
1.3 + (R;:‘K-:v !'K;, yﬂ[)kx, L*. ) = f e A(K; 00k ) J- P B(Kz gk~ Ky) f e ’4(‘&: ok y Ax+&x) dz" dZ” dzl,
L. L L_

and
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L, S
—— - ¥ — A,,I} =
13 +(K2,K2'. ,K;’ :nakx’L‘-+v)= J.[ e ACK, ngky) fL

The next step would be to find an expression for the
fourth-order diffraction decompositions together with a
correction for the second and zeroth orders based on Eqgs.
(10) and (11). Continuing this procedure of consecutive
backsubstitution for a while, it is obvious that one can
write the general expression for the spectral decomposition
of any diffraction order as a series expansion in which the
consecutive terms contain more and more complicated in-
tegral expressions. Supposing # is positive, the rth term in
the expression for the Fourier transformation of the mth
diffraction order is a 2(2#—2 -+ m)-multiple integral over

2r—2+4m
()

terms, which corresponds exactly to the number of possible
ways in which one can reach the mth diffraction order,
starting from the zeroth order, in a (2r—2-+m) combina-
tion of (r—1+4m) elementary upshifted and (r—1) ele-
mentary downshifted diffractions. This leads to the same
idea as used in the Feynman diagram approach of Korpel
and Poon.}*7

The deduction presented here, is based on the results
obtained by means of a backsubstitution method of
Aggarwal® for the case of the interaction between infinite
plane waves. It is straightforward to check that his expres-
sions for the diffracted light intensities coincide with our
results in the case when both light and sound spectral dis-
tributions are represented by a delta function.

C. Symmetry properties of the diffraction orders

Before analyzing the Fourier-transformed amplitudes
and calculating the light distribution in the diffracted or-
ders, it is instructive to note some symmetry properties
which can be deduced from the general series expansion. If
oKine, = oK Sin @iq defines the incidence angle of the light
beam in the liquid with respect to the z axis, normal to the
propagation direction of the sound beam (which we sup-
pose to be parallel to the x axis), we find that

Sereen

JURI —

( Oscilloscope

p—

FIG. 3. Experimental setup for a multiple Bragg imaging system.
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g
ewiz".‘i(’K; Mok e— K J.'n eiz'” B(K] ok, — K, —K}) dz" dz" dz'.

L

\Pm(nuk.x »Z) | inc=ngk;

nc x

= (= 1™V (— ok r2) |ine= g (122)
if
S(K,)=S*(—K.)
and
Wine(noks) | ine= gk,
(12b)

= ‘I’inc( - n(flkx) [ inc= —'n@kim,‘ .

As a consequence, this means that the angular spectra of
the mth and —mth diffraction order in the case of perpen-
dicularity between the main propagation directions of light
and sound are mirror distributions with respect to the nor-
mal axis if the incident light beam has a symmetric spec-
trum with respect to this normal axis and if there is no
phase variation in the sound beam profile along the inter-
action region (L _,L ) at x=x,. Besides, substituting Eq.
(12a) in Eq. (4b), it can be shown that, under these spe-
cific circumstances given in Eq. (12b), the field distribu-
tions in opposite orders are mirrored with respect to x=x,
ie,

U (£:2)=(—1)"W_,(—§2). (12¢)

In terms of experimental observations, this symmetry
property explains why the images in the positive orders
show up like mirror images of those in the corresponding
negative orders. In the experimental arrangement, as dia-
gramed in Fig. 3, first Martin® and later Na?! use a colli-
mated laser beam which is first expanded. Then a cylindri-
cal lens is used to converge the light to make a wedge of
light symmetrical with respect to the normal axis. By plac-
ing a wire hook in the ultrasonic field, one obtains images
as well in the positive as in the corresponding negative
diffraction orders at the same time. Figure 4, made by
Na,?! shows that mirror images of the hook appear in both
plus and minus first diffraction orders as is expected from
the symmetry properties of Eq. (12¢).

FIG. 4. Photographs of positive and negative first-order Bragg images of
a hook at a frequency of 20 MHz (Ref. 21).

Van Den Abeele et al.



FIG. 5. Representation of a thin uniform light beam at incidence angle
i;:‘tﬂ‘.‘ .

D. Imaging in the higher orders
1. General considerations

In order to obtain evidence for the appearance of mul-
tiple images in the higher Bragg diffraction orders when
using a light beam with considerable convergence angle, we
focus our attention on the first term in the series expansion
for the spectral decomposition of the diffaction orders. The
reason for this is not only because we can already distin-
guish that the first term for the first diffraction order con-
tains single information about the sound beam [Eq. (7)],
for the second diffracted order two-fold information [Eq.
(8)] and for the third-order three-fold information [Eq.
{10)], but also because careful analysis of the general ex-
pression reveals that the higher-order terms are propor-
tional to higher powers of the Raman-Nath parameter
[v=kA(L,— L _)] and/or higher powers of the parameter
1/p ( :noﬁk?’/li“2 ). This restriction thus means that we are
working with low-power ultrasound in a high-frequency
range. In addition we suppose that the convergent light
beam can be represented by a number of thin light rays
with equal amplitude and frequency but incident at slightly
different angles. The angular spectrum of a beam of light
with uniform amplitude A, over a finite width D, centered
at the point (xg,L_) and having a direction defined by

kngh Ay Dngk

LIGHT

mp, x mk

: W’W':}.?,'m(pB.L

z=L z=L,

FIG. 6. Schematic visnalization of the mth-order diffraction of a thin
light beam incident at gy,.= —m@g.

AyD
27 oS @iye
sin{ [‘nol)(k.x_'kincx)/2 cos (Pinc]}

% i”()kzL -,
[noD(kx"‘kinex)/z COS @inc] ¢

"f;inc ( nka) =

(13)

Letting D go to zero, while Ay D remains finite, we find for
the Fourier spectrum of the infinitely small ray through
{xq,L_) in the direction ¢,

AO Dnok

- - @z fﬁokzL_
2T (okine) ¢ (4

‘I’inc(’lokx) =

For plane-wave interactions it is known that the mth
diffraction order intensity has an extremum for an inci-
dence angle @, equal to —m@p, when @y is the Bragg
angle?

A K
2n0A - 2n0k )

Therefore, we are especially interested in the spectral dis-
tribution of the mth diffraction order generated when a
thin light beam is incident at the minus mth Bragg angle,
ie.,, when nokimx = —m(K/2) (see Fig. 6). Assuming
only weak divergence of the sound beam [such that we can
approximate Z(s-+K--K,) by Z(s)], we obtain the follow-
ing expression for the first term in the series expansion for
the mth diffracted order:

(15)

o ZUnghy—(m/2)K]L .

- m o\ m
L4 kit+—=KL, |={— —
m(rzo P 2 } ) ( 2 ) 27Z] — (m/2)K] Hj:1z{'10kx+ [j—(m/2)1K)

with

Z{nokx+ [r—(m/2)1K}—Z{npk,+[r—1—(m/2) ] K}

Hm(’l()kx9L+)v (16)

H(nok2) = J ) S(O,z’)exp[iKz'(
L_

and

Hy(nky z) =1.

K )]H,_l(nokx,z’)dz’

[We restrict ourselves to cases where m is a positive integer, but the results for negative values of 2 are analogous because

of the symmetry properties given in Eq. (12).]
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In Eq. (16) npk, corresponds to the spectral variation with respect to (m/2)K, which is equivalent to the angular
variation @ around the mth Bragg angle with respect to the normal behind the interaction vessel (see Fig. 6).

The two-dimensional field of the mth diffraction order at z= L, can be calculated from Eqs. (16) and (4b), which
leads to the following approximation for the mth diffracted amplitude distribution at the exit plane:

A()Dflok + oo

H,(noky,L )

szl()ﬁ "
‘l’m(§,L+)=(_ 2 ) 27Z[ — (m/2)K ]

- II;."z Z{ngk+ [ j—(m/2)]K}

5 e~ HZL gkt (m/DK | Ly~ Zlngh— (/2K 1L Y ilngkut (m/DK S gy ke an

5 1]

Or
UL

ot
e

o
i

rders m=1, 2 and 3.

2. First order m=1
Writing Eq. (16) explicitly for m=1 yields

kznoﬁ Ao Dn()k é

\i;l(ngkx-f‘ (K/2),L+) =

rom Eqs. (16) and (17) one can write down the expressions for the spectral decomposition and the field distribution
or

2 27Z(—K/2) Z[ngk,+ (K/2)]
Z(npk,+ (K/2) —Z[ngk,—(K/2) ]

Ly
X f S (0,2')exp[iKz'(
L_

Substituting the second-order approximation
Zngk,+r(K/2)] —~Z[npgk,+ (r—2)(K/2)]
K

nok+ (r—1) (K/2)
~ _( nka

)z—sin[(p+(r—1)¢3]
(19)
for r=11in Eq. (18) and recalling Eq. {3b), we find that

K K
\'Ill (ﬂokx-{—i ,L+ )Z(ﬂokx-*-“z‘)

o

o am kngii  AgDnok e Zlnoky— (K/2)L_
~ 2 27Z(—K/2)
~ nok
XS(—K nOOI:)’ (20)

which can formally be rewritten as follows:

K —~ K\~ nokx
\yl(flokx+—2“ ,L+) ~Cte ‘I’inc(nokx—"i)s( —K ke ),
0
(21)

or in terms of angles as

¥, [nok Sin£¢>+<pa),L+1 i -
=Cte ¥, [ nok sin(@—@z) ]1S(—K sin ¢).

This result confirms the parametric mixing theory used by
Korpel'* to prove that the first-order diffraction intensity
of a small uniform light beam has the same spectral de-
composition as the sound beam when Bragg conditions
occur, i.e., when the angle of incidence is equal to the
minus first Bragg angle. The approach used to derive Eq.
(22) has the advantage that all approximations needed in
the derivation are explicitly stated.
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(18)

= |2

The field distribution in the first diffraction order at the
exit plane z=L_ then becomes an image of the sound
beam profile at the interaction cross-section x=ux,,

Ao DK>ni
~2kz(_K/2) =Pl

Xcos gp+E@pl}

Wi(E L, )= —ingk[(L, —L_)

‘ ﬂok )
xs(o,?[—§+(L++L_)c;oB]). (23)

Equation (23), which is the mapping function derived by
Korpel, clearly illustrates the one-to-one mapping of the
ultrasonic field onto the first diffraction order and exhibits
the corresponding imaging rules. There is a projection of
the z coordinate along the interaction region inside the
sound field at x=x; onto the £ coordinate in the observa-
tion plane at z=L , (see Fig. 7). The minus sign indicates
a mapping of —z onto +§&, while the factor K/nph=2¢p
accounts for the demagnification of the image of the sound

X
z=-L z=1

FIG. 7. Mapping rules in the positive first diffraction order
(L =—L =L).
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field proportional to the ratio of the frequencies of the
ultrasonic wave and the light wave. (L, — L_) represents
the acousto-optic interaction length, while the term
(L, +L_)gpgin the sound field function .S takes into ac-
count the position of the sound beam with respect to the
theoretical origin z=0, so that the optical image is always
centered around £=0.

Although Eq. (23) predicts an exact image indepen-
dent of frequency and width of the ultrasonic beam, this
deduction is valid only for situations in which rather “ex-
treme Bragg conditions” occur, i.e., high frequencies and
weak sound beam divergence (or large interaction width).
Whenever these conditions are only partially fulfilled, the
approximation should be modified and additional terms [in
this case the second term in Eq. (11), which is a triple
integral] in the series expansion must be taken into ac-
count. Experimentally it is observed that the quality of the
first diffraction order images of small objects positioned in
the ultrasonic field between the transducer and the light
beam improves with increasing ultrasonic frequency, with
the best images occurring for 18 MHz and above.?%?!

~ ) 47 IPngiN?  AyDngk

Ttk K D) Zlnok ) = (57 222
. 2

ok .+ (K/2)

Xexp[~zi\z ( ok

and the field distribution can be approximated by

2 A
Ao Dk*nii?

Note that in this approximation the relative intensity
of the first diffraction order, focused to a point by a lens
system, for the case of a uniform sound field of width 2L,
becomes

Il U?'
—=—,
Itotal 4

with v the Raman-~Nath parameter k42 L. This result is in
agreement with the Aggarwal solution?? and corresponds
to the first term in the Phariseau solution for exact Bragg
conditions in the interaction of plane uniform sound and
light beams.”

The same approximations needed to obtain Egs. (20)
and (23) can be used in an analogous way to deduce the
expressions for higher diffraction orders. We suppose for
simplification that L =—L_=L.

(24)

3. Second order m=2

The expression for the spectral decomposition of the
second diffraction order for a small uniform light beam
incident at the minus second Bragg angle becomes

11 L :
expl —iZ(nok,—K) L 7o f_LS(O,z )

) nok,— (K/2)
) ] f S(0,2")exp [ msz"<——,—) }dz” dz’,  (25)
~L

nol&

; §
oy OB Ayt i (D , a2 S
W, (£,L) =IRZ(—K) expl —ingk (2L cos 23+ E2¢p) ]exp( ingk2@y 2¢B)

£

rL I3 . 2 .
> J S(O,Z1)S(O,-21—*,);')Intg'/lwlg[—QZI,L’-—Z[]@mOk-'}‘PBZl dzl’ (26)
- L

“Pp

with IntJa,b] the interval function defined as the difference of two Heaviside functions so that

Intfab]l=1 if a<s<h,

Intfa.b]==0 everywhere else.

(27)

Introducing the Klein-Cook-Mayer parameter! for a uniform plane sound wave of width 2L,

Q=2¢zK(2L)=vp,

(28)

and combining partial integration with rules for calculating the derivatives of Heaviside functions,?® we find that
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2.a2
Ay Di*ngi*

W,(&,L) SIKZ(_K) exp[ —ingk (2L cos 2¢p+E2¢3) | (29)
[—12L3(0 mi)s(o -—’i)lnt [ —2¢3(2L),2¢5(2L) ] (A)
Q T dpp *Tagp) t B 8
4 S(O L)S(O L—5> £ )exp —12( L= )]Im (0,29 5(2L)] (B)
0 293 4L 29p
2L ' 3 9 £ :
+1—Q—S(O,L)S(O,—L—:2—(—P—;)exp[ rya (2L+?> Int;[ —2¢5(2L),0] <

—_—

Q

—L c?z‘

Again, one can verify that these results match the Ag-
garwal results for uniform plane-wave interaction by as-
suming S(0,z) equal to unity over the interval (—L,L),
and integrating along the £ axis in the exit plane over
(—4@ L ApzL).

Term (A) in Eq. (29) indicates that the second-order
field distribution at the exit plane consists of a large image
of the sound field in the second power which extends over
the range (—4@zL,4@zL). On the other hand, terms (B)
and (C) represent two images of the sound beam with the
same dimensions as the image in the first diffraction order,
i.e., 4ppL. One of them is upshifted and the other down-
shifted with respect to the center £=0 over a distance
2¢@pL. The result is that these images are adjoining and
that their center-to-center separation at the exit plane is
equal to 4@ L. Further use of partial integration proves
that the fourth term (D) corresponds to a second-order
effect in 2L/Q for sufficiently high -ultrasonic frequencies
and in the assumption that $2 and its derivatives are slowly
varying functions. Seeing the incorporation of an object as
shadows in a uniform (amplitude equal to unity) sound
field which extends from —L to L and neglecting all
second- and higher-order terms in 2L/Q, we find theoret-
ical evidence for the presence of two adjoining images of
the sound beam in the second diffraction order, as shown
for an experimental example in Fig. 8 (Na?!). From a

FIG. 8. First- and second-order diffraction fields of an ultrasonic beam
containing the shadows of a nut at a frequency of 12 MHz (Ref. 21).
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2L IL 3{5(0,2)S[0,— (§/2¢p) — 211} [ Q §
exp —14—L~(2z,+2¢) )

Int, [—221,L"21]d21 . (D)

§2¢p

theoretical point of view, one can explain the fact that the
images in the second diffraction order are less distinct be-
cause the additional terms also can play a role in the blur-
ring of the field distribution. In the first place, term (A)
would appear as an enlarged image superimposed on the
adjacent images (although it does not show up in the ex-
perimental examples) and for lower frequencies term (D)
has to be taken into account along with additional terms in
the series expansion for the spectral decomposition of the
second diffraction order. Important for the imaging is the
phase factor in terms (B) and (C) of Eq. (29) which is
determined by the value of Q. Analyzing the intensity dis-
tribution in the case of a uniform sound field of width 2L,
one can expect theoretically that the best reproduction of
the two adjoining images occurs for a value of Q equal to
41r. Figure 9 compares the second orders for a small light

I, (107%) iu 77777777777777777 L
2 30 ol .
'g Sownd(l.)

5 20
-
.
~ 10
& \/ \
5 7] —
—3 -2 —1 2
£ 'wruts. °<p3 L)
PI—

I(107%) U W L
2 R
= 30 ot 1
g Sound (L)

_§ 20

= 70 \\
>

35 04 .

-3 =2 -1 0 1 2 3
& (units: 2¢sL)
FIG. 9. Theoretical calculations of the second-order diifracted field in-
tensity of a uniform and a shadow containing ultrasonic field according to

the first three terms in Eq. (29) relative to the maximum of the first
diffraction order intensity (Q=4n, L=3 cm).
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beam incident at —2¢p which is diffracted by a uniform
and a shadow-containing sound field, at this specific value.

As a system of lenses is used in experiments to view
each order on a screen, the above theoretical deduction
predicts that the center-to-center separation of the two ad-
joining images within the second diffraction order is pro-
portional to the width of the ultrasonic beam and to its
frequency. Experiments performed by Na?! for different
ultrasonic frequencies and beam widths confirm this pre-

dicted linear dependence of the center-to-center separation
on Fand L as is shown in Fig. 10.

4. Third order m=3

For the third diffraction order of a small uniform light
beam incident at the minus third Bragg angle, we use the
same approximations and find the following expression for
the spectral decomposition:

A 31{ Dzl s 31< 8 Kngh AgDngk —_—
3(”‘-‘ atd g ) (”“ At E)““‘Z[nokx—(K/z)Jz[nokx+(K/2)] ( 2 ) “2rZ(—IK) xp{ —iZlnoky
sk~ L " s e [FEEEN 50,00
- ( / )] }277,2 2'”_ ,[7[4 ( >4 )exp[_l ‘f( ﬂok )}J’_L ( 4 )
'K 14 nok’x Z" S O " 'K' Hr 10A K d ”"r d " d l 30
Xexp| —iKz (ﬂok)]f—L (0,27 )exp| —iKz ( v ) z (30)
Subsequently, the field distribution becomntes
_— 401)/»572011 ) . , & L —ingkig 2
1:'3(‘5,1;):-81&2[_3([{/2)] exp[ —ingk (2L cos 3¢B+§‘3cp3)]exp(—mok4<p3 5_:5;) J‘”L‘S(O,Zz)e 0kBep
> ? AS‘(O’ZI)AS{ O,HZI—Zz—i Int'—/gv [m221-—zo_,L—ZQ-zl]e"i"Ok“‘Psz‘ d21 ng. (31)
L 2’¢)B 5/<¢p
Calculating the leading terms also in this case, we obtain
N Ao DISnii® o “ 1
P3(5,L):=mexp[—zno-(2Lcos 3pp+E3@a)] (32)
X iLESO iSO § SOM—g-It[—"’ (3L),2¢5(3L)] (A)
o X ST e R bpg) 5 CPEILIEEE
8 L2 L &£ L ¢ . Q £
+= @S(O L)S( 2 " Iep )S(02 e )exp{ (3L+~ ) Inte[ —2@pL,2¢0(3L)] (B)
8 L? (. L £ L £ . Q 3
-i-gz}vsS(O,L)S(O,—-i—%)S(O, —2——4¢ )exp v (3L+ 0 ) Int;[ —2¢(3L),2¢pL] (C)
4 12 3 . Q § :
—3 ng(O —L)S(0,~L)S OZLME exp| —i T GLH-(p— Int:[2¢5L,2¢(3L)] (D)
QS(O — L)S (0, L)S(O —2i )e}sp[_zQ Int ] —2¢pL2¢pL] (E)
4L? § Q § .
?&S(O ,L)S(0,L)S| 0, 2L— e exp| — 6L+$‘; Int;[ —2¢5(3L),—2¢pL]
2L | (F)
+4 -+ third- and higher-order terms in E]

In this third-order diffraction field, we can distinguish
a triple-enlarged (compared to the image in the first dif-
fraction order) cubic power of the sound image over the
interval (—6@pL,6@gl) (A), two double-enlarged im-
ages in the second power centered at £ = +2¢ L [(B) and
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(C)], and three adjoining images [(D), (E), and (F)] of
the same dimensions as the first diffraction order image
with a center-to-center separation equal to 4@gzl. As a
consequence, the field distribution in the third diffraction
order of a small light beam incident at — 3¢, diffracted by
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a uniform field in which an object is incorporated in the
form of a shadow, will contain information about this ob-
ject in the form of three adjacent images, once centered,
once shifted in positive & direction by 4¢ L, and once in
negative direction shifted over the same distance. As in the
case for the second diffraction order, additional terms
cause blurring and reduce the quality of the three images.
An experimental example of this triple imaging is shown in
Fig. 1, while Fig. 11 illustrates the effect of a shadow in a
uniform sound field on the third diffraction order for the
same parameters as in Fig. 9. The theory predicts the in-
tensity of the image in the center lobe to be four times as
large as the shifted images. Analyzing the phase terms in
Eq. (32) and reasoning analogously as in the case of a
uniform sound beam, one finds again that the best imaging
can be obtained for Q equal to 4.

5. Arbitrary order m

In general, for a thin light beam incident at the angle
—m@pg, Eq. (17) for the mth-order diffraction field
(m>1) can also be written in the following form which
suggests a cumulative effect:

ka+2 2 53

¥, (5 L)=(—1

AOka#—anﬁm
2"KZ[ —m(K/2)]

Xexp[ —ingk (2L cos meg+megt) ]

&
XFm(“z“;;; ,Zm=L), (33)

with

(2 O T
Flsaz)= | 500z peoir=d
— L

XF,_ l( —Z, =82, )ein0k2¢>3;(——z,,_1——s) dzr—l
and
Fo(s,2p) =6(—5).

Retaining only the predominant terms in this expres-
sion, we obtain:
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(—m-4k+2(-2) * Q
_ -1 . m—-k-—-I+1 = L
X [S(0,—L)] [5(0, % L 2k¢5)] [S(0,L)] Xexp{ iL {Z(m k—I+1)
><(m—l+1)L—~(m—k—21+2)(ml,-—%) Intg-,ez%{—(m—21+2)L,—(m—2k—2l+2)L], (34)
B
I, (10°7) (I

g0 2 307 Ot
’-.3 8 B g Sound (L) :
P 5 S 20 A
2 6 B = /
& e ~ 70 / |
(:j 4 ,r;‘,'” 3 /’X‘\ /’ \ —
2 2 o B0l e T T
3 — -3 -2 -1 0 1 2 3
S 2 4 6 810 14 18 ¢ (units: 2¢,L)

Frequency (MHz)

L(10°7) U ] 1

TN . i e s e 3
é 2.0 _B: 30 0 "U{\-an
~ 1.5 el § Sound (L) ‘
g o § 20 \
2 7.0 7 i3 | |
E - a7 ~3 70 f“j \f\ l
.g« 0-5] T & o ,//j.\w\’V’\."/ . ——a ' ,\4\‘\ ‘
- S -3 -2 -1 0 1 2 3

0.5 1.0 1.5 2.0 2.5 ¢ (units: 2¢,1,)

Transducer (slit) Width (cmn)
FIG. 10. Experimental confirmation of the linear dependence of the

center-to-center separation of the double images in the second diffraction
order on ultrasonic frequency and beam width.
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FIG. 11. Theoretical calculations of the third-order diffracted field inten-
sity of a uniform and a shadow containing ultrasonic field according to
the first six terms in Eq. (32) relative to the maximum of the first dif-
fraction order intensity (Q=4w, L=3 cm).
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where the coefficients _.4}\:}“ can be calculated from the fol-

lowing recurrence relation:

42,,; ..... 1)
gl R if ktle
Agy m i D m—k—I+1) if k+1l<m, (35a)
v Il o k—1
A= 3 A ¥ A i kyl=m+1,  (35b)
je=1 j=1
and
i) =1 (35¢)

The terms with k=1 indicate that m adjoining images
of the sound cross section contribute to the field distribu-
tion in the mth diffracted order. These images are demag-
nified by a factor 2¢ 5 compared to the real sound field and
the distance from center to center is equal to 4@ L.

E. Using a convergent lightbeam

As a first approximation, we may imagine a number of
thin uniform light rays, incident at different angles, as a
rudimentary model for a convergent light beam. The ag-
gregation of the diffraction extrema for all those rays inci-
dent at specific Bragg angles then explains the simulta-
neous observation of a single image in the first diffraction
orders and multiple adjoining images in the higher diffrac-
tion orders as was reported by Martin and co-workers.” If
the convergent beam is symmetric with respect to the nor-
mal axis, the images in positive orders are mirror images of
the negative diffraction orders due to the symmetry prop-
erty given in Eq. (12). We note that the angular aperture
of the symmetrically incident convergent beam must be
larger than 2m Bragg angles in order to generate a positive
and negative m-multiple image for a well-chosen
frequency-width combination of the sound field. The the-
oretically predicted proportionality of the leading terms in
the mth diffraction order to (L/Q)” [Eq. (34)] indicates
that the higher-order images can be observed only by low-
ering the ultrasonic frequencies. Subsequently, the quality
of the lower diffraction order images becomes poorer when
higher-order images are observed. The blurring of these
lower diffraction order images at smaller Q/L values
means that, from a theoretical point of view, additional
terms in the series expansion of their field distributions
should be taken into account.

1ll. CONCLUSIONS

Using Fourier analysis and a backsubstitution method,
we derived general expressions for the angular spectrum of
the diffracted orders of profiled light after interaction with
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profiled sound waves. We found that the first term in the
series expansions for the spectral distribution of mth dif-
fracted field contains |m|-fold information about the
sound profile. Recalling that the mth diffraction order in-
tensity is maximal for light waves incident at —m times the
Bragg angle and limiting ourselves to this first term in the
series expansions we could obtain theoretical evidence for
the simultaneous appearance of multiple images in the
higher diffraction orders when a convergent light beam is
illuminating a sound field in Bragg conditions. This theory
also explains the mirror effect for positive and negative
diffraction orders and its basic ideas predict a linear depen-
dence of the center-to-center separation of the images
within the higher diffraction orders on the ultrasonic
frequency and beam width as has been experimentally
verified.
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